Summary. This paper considers the famous Fermi-Pasta-Ulam (FPU) lattice with periodic boundary conditions and quartic nonlinearities. Due to special resonances and discrete symmetries, the Birkhoff normal form of this Hamiltonian system is Liouville integrable. The normal form equations can easily be solved if the number of particles in the lattice is odd, but if the number of particles is even, several nontrivial phenomena occur. In the latter case we observe that the phase space of the normal form is decomposed in invariant subspaces that describe the interaction between the Fourier modes with wave number j and the Fourier modes with wave number n 2 − j. We study how the level sets of the integrals of the normal form foliate these invariant subspaces. The integrable foliations turn out to be singular and the method of singular reduction shows that the normal form has invariant pinched tori and monodromy. Monodromy is an obstruction to the existence of global action-angle variables. The pinched tori are interpreted as homoclinic and heteroclinic connections between traveling waves. Thus we discover a class of solutions of the normal form which can be described as direction-reversing traveling waves. The relation between the FPU lattice and its Birkhoff normal form can be understood from KAM theory and approximation theory. This explains why we observe the impact of the direction-reversing traveling waves numerically as a relaxation oscillation in the original FPU system.
Introduction
The Fermi-Pasta-Ulam (FPU) lattice was introduced by E. Fermi, J. Pasta, and S. Ulam in [9] . It is a discrete model for a nonlinear string. This string is modeled by a finite number n of equal point masses representing the material elements of the string. The point masses constitute an anharmonic lattice. They interact via identical nonlinear forces between the nearest neighbours. In this paper we shall consider the FPU lattice with periodic boundary conditions. This lattice models a circular string.
The periodic FPU lattice can mathematically be described as follows. The particles in the lattice are labeled by an element in Z/ nZ such that the 0-th and n-th particles are identified. For j ∈ Z/ nZ , let q j ∈ R be the position of the j-th particle. The space of positions q = (q 1 , . . . , q n ) of the particles is R n . The space of positions and conjugate momenta is the cotangent bundle T * R n of R n , the elements of which are denoted (q, p) = (q 1 , . . . , q n , p 1 , . . . , p n ). T * R n is a symplectic space, endowed with the canonical symplectic form dq ∧ dp = n j=1 dq j ∧ dp j . Any smooth function H : T * R n → R induces the Hamiltonian vector field X H given by the defining relation ι X H (dq ∧ dp) = d H. In other words, we have the system of ordinary differential
The Hamiltonian function of the periodic FPU lattice with quartic nonlinearities is the sum of kinetic energy and potential energy. Because particles interact only with their nearest neighbour, the Hamiltonian is (1.1) in which W : R → R is a potential energy function of the form
We would like to view the solutions of the FPU system (1.1) as a superposition of waves. Therefore it is natural to make the following Fourier transformation:
3)
The term with the subscript n 2 appears only if n is even. The real numbers ω j are defined as ω j := 2 sin jπ n , j = 1, . . . , n − 1.
( 1.4)
The mapping q →q is a linear isomorphism of the position space R n . It induces a symplectic transformation (q, p) → (q,p) on T * R n . The Fourier coordinates (q,p) , we say that the j-th and the (n − j)-th normal mode have wave number j, because both are Fourier coefficients of waves with wave number j, that is, waves with wave length 1/ j times the length of the lattice. The j-th and (n − j)-th normal mode also have the same linear vibrational frequency: ω j = ω n− j . But the j-th and (n − j)-th normal mode are out of phase, because one describes a cosine wave in the lattice and the other a sine wave.
We observe that the Hamiltonian (1.5) is independent ofq n . Therefore, the total momentump n = 1 √ n ( p 1 +· · ·+ p n ) is a constant of motion and the pair (q n ,p n ) describes the motion of a free particle. Moreover, the equations of motion for the remaining variables (q 1 , . . . ,q n−1 ,p 1 , . . . ,p n−1 ) are completely independent of (q n ,p n ). The latter are hence usually neglected. We end up with the Hamiltonian system for the variables (q 1 , . . . ,q n−1 ,p 1 , . . . ,p n−1 ) on T * R n−1 given by Hamiltonian (1.5) where the term 1 2p
2 n is considered constant now. Thus we removed the total momentum from the equations of motion. This construction is equivalent to the Marsden-Weinstein reduction of the symmetry induced by the flow of Xp n = ∂ ∂q n , cf. [1] or [16] . Because ω 1 , . . . , ω n−1 > 0, we conclude using the Morse-lemma [1] that the origin is a stable equilibrium of the Hamiltonian system on T * R n−1 induced by (1.5) . It corresponds to an equidistant configuration of the n particles in the lattice. In the sequel we will study the flow of the vector field induced by (1.5) on T * R n−1 in a neighbourhood of this equilibrium.
The linearised equations of motion induced by the quadratic part of the Hamiltonian (1.5) can easily be solved. Each solution of the linearised equations is a superposition of harmonic oscillations with frequencies ω j . The normal mode energies ω j 2 (p 2 j +q 2 j ) are constants. The linear (or "harmonic") FPU lattice is completely integrable and the solutions lie on invariant tori of dimension n − 1. But the presence of the quartic terms in the Hamiltonian (1.5) destroys the integrability. In the anharmonic lattice, the normal modes interact and they may exchange energy. Fermi, Pasta, and Ulam expected that a many particle system such as the FPU lattice would be ergodic, meaning that almost all orbits densely fill up an energy level set of the Hamiltonian. Ergodicity would have to lead to "thermalisation" or equipartition of energy between the various normal modes of the system. FPU's nowadays famous numerical experiment [9] was intended to investigate how thermalisation would take place. The result was astonishing: It turned out that there was no sign of ergodicity of thermalisation at all. Instead, the solutions seemed to be quasi-periodic.
The observations of Fermi, Pasta, and Ulam greatly stimulated work on nonlinear dynamical systems. A popular explanation nowadays for the quasi-periodic behaviour of the FPU system is based on the Kolmogorov-Arnol'd-Moser theorem. As is well known [2] , the solutions of an n − 1 degree of freedom Liouville integrable Hamiltonian system are constrained to move on (n − 1)-dimensional tori and are not at all ergodic but periodic or quasi-periodic. The KAM theorem states that most invariant tori of such an integrable system persist under small Hamiltonian perturbations, if the unperturbed integrable system satisfies a certain nondegeneracy condition known as the Kolmogorov condition. This condition requires that the Liouville tori of the integrable system can be parametrised locally by their frequencies. Hence quasi-periodic motion can also often be observed in nonintegrable systems and it is tempting to state that the KAM theorem explains the observations of Fermi, Pasta, and Ulam-and several authors have claimed this. It has for a long time been completely unclear though, how the FPU system can be viewed as a perturbation of a nondegenerate integrable system. At least the harmonic oscillator is very degenerate: Its frequencies are equal on each invariant torus. This gap in the theory was recently mentioned again in the review article of Ford [10] and the book of Weissert [22] .
Nishida [14] and Sanders [18] were the first to study the Birkhoff normal form of Hamiltonian (1.5). The Birkhoff normal form of a Hamiltonian system is constructed by a symplectic near-identity transformation which "simplifies" the lower-order polynomial terms of the Hamiltonian. The FPU system is related to its Birkhoff normal form in the following two ways:
1. As the normal form equations approximate the original equations in the low energy domain, using Gronwall's lemma one proves that low energy solutions of the Birkhoff normal form approximate the low energy solutions of the original FPU chain on a long time scale. For a proof see [21] . 2. In the low energy domain the original Hamiltonian is a small perturbation of the Birkhoff normal form. So if the normal form is nondegenerately integrable, the KAM theorem proves that many of the invariant Liouville tori from the normal form survive as KAM tori in the low energy domain of the original FPU lattice.
Nishida and Sanders hoped to prove that the Birkhoff normal form constitutes a nondegenerate integrable approximation of the original FPU system. But to compute the normal form, Nishida and Sanders were forced to make very restrictive nonresonance assumptions, so they were unable to provide the desired proof. In [16] the Birkhoff normal form of the periodic FPU Hamiltonian (1.1) was finally computed correctly, and it was proven to be a Liouville integrable approximation of (1.1) which in many cases is also nondegenerate. This integrability result is remarkable; it is caused by special resonances and discrete symmetries in the Hamiltonian (1.1). But apart from the nondegenerate integrability, many properties of the normal form remain unstudied, and hence the normal form of (1.1) is the subject of this paper.
It turns out that the structure of the integrable normal form depends strongly on the parity of the number of particles n in the chain. If n is odd, then all the integrals of the Birkhoff normal form are quadratic functions of the phase space variables (q,p). These quadratics form a set of global action variables which can be augmented to a set of global action-angle variables. This implies that the foliation of the phase space in Liouville tori is trivial and the equations of motion can be solved explicitly.
The situation is not so simple though if the number of particles n is even. In this case some of the integrals of the normal form are quartic functions of the phase space variables, although there are still also quadratic integrals. The first important remark will be that these integrals are uncoupled in the following sense: The phase space is the direct sum of symplectic invariant subspaces:
The subspaces
describe the interaction of the modes with wave numbers j and
} is the subspace of the n 2 -th normal mode. It has one degree of freedom. A n 4 has two degrees of freedom (if n is divisible by 4) and for any other j, A j has four degrees of freedom.
It turns out that each of the integrals of the normal form is defined on only one of these subspaces. In other words, one of the integrals is a function on A 0 , two integrals are functions on A n 4 (if n is divisible by 4), and for each 1 ≤ j < n 4
, four integrals are functions on A j . This implies that the foliation of T * R n−1 by level sets of the integrals is simply the Cartesian product of the foliations of the various A j .
Of particular interest are the foliations of the subspaces A j with four degrees of freedom. These occur for even n ≥ 6. We study these foliations using purely geometric arguments based on invariant theory and the method of singular reduction; see [6] . This geometric approach reveals all the integrable structure that is present in the Birkhoff normal form.
First, we perform a regular Marsden-Weinstein reduction of the T 2 -action induced by two of the integrals of the normal form. Thus the system on A j reduces to a two degree of freedom reduced Hamiltonian system. This reduced system contains four relative equilibria of which we study the stability by means of linearisation. We observe that they can undergo a Hamiltonian Hopf bifurcation if one varies the energies of the waves. To be able to study this bifurcation in more detail, we perform a singular reduction. As the singular reduced phase space has only one degree of freedom, we can also investigate the global structure of the normal form. We see that there can be homoclinic or heteroclinic connections between the relative equilibria and we explicitly derive under what conditions these connections exist. The singular fibers over the homoclinic and heteroclinic connections are pinched tori: whiskered tori with coinciding stable and unstable manifolds.
It is well known [8, 19] that the presence of a pinched torus results in nontrivial monodromy: The fibration of the phase space A j (or T * R n−1 ) in Liouville tori is not trivial in the sense that the Liouville tori do not form a trivial torus bundle over the set of regular values of the integrals. Instead, we know how the Liouville tori are glued together globally, for instance on an energy level set. Nontrivial monodromy is an important obstruction to the existence of global action-angle variables; see [8] .
On the other hand, our analysis yields interesting dynamical information. The relative equilibria (in the reconstructed system these are the whiskered tori) can be interpreted as waves in the periodic FPU lattice that travel clockwise and counter-clockwise. Thus it turns out that in the normal form there are homoclinic and heteroclinic connections (the whiskers) between these traveling waves. Although the pinched tori themselves might not really be present in the original FPU system, we expect from [20] that many of the Liouville tori close to a pinched torus survive as KAM tori in the full FPU lattice. These KAM tori constitute a large collection of interesting new solutions of the periodic FPU chain, showing a relaxation oscillation between traveling waves in opposite directions. We indeed detect this relaxation oscillation numerically in the original FPU lattice (1.1). This type of solution has the remarkable property that it displays an interesting interaction of the normal modes with wave numbers j and n 2 − j without transferring energy between modes with different wave numbers.
The Birkhoff Normal Form Is Integrable
We wish to simplify the FPU Hamiltonian (1.5) by studying its Birkhoff normal form:
The flow of the linear vector field X H 2 is simply quasi-periodic with frequencies ω j . H is calculated as the average of H over the flow of the linearised system. There are several other methods to calculate normal forms, like for instance the well-known Lie-series method, described in [4] and [16] . One has the following result for the normal form:
Theorem 2.1. (Birkhoff normal form theorem)
There is an open neighbourhood 0 ∈ U ⊂ T * R n−1 and a symplectic near-identity transformation : U → T * R n−1 with the properties that * (dq ∧ dp) = dq ∧ dp,
In other words, H andH are symplectically equivalent modulo a small perturbation of order five. StudyingH means neglecting the perturbation term O( (q,p) 5 ). Of course this means that we make an approximation error. But this error is very small in the low energy domain, that is for small (q,p) . Using Gronwall's lemma, it is easy to show that the low energy solutions of the Birkhoff normal form (2.1) approximate the low energy solutions of the original Hamiltonian system (1.5) on a long time scale. One readily proves for instance the following result, which is formulated a bit heuristically here: See also [21] for more approximation results. If the Birkhoff normal formH is nondegenerately integrable, then the original system can in the low energy domain be regarded as a small perturbation of a nondegenerate integrable system. Using the KAM theorem we can then conclude that many low energy solutions of the original system (1.5) are quasi-periodic. On the other hand, this is only true for finite n, and the domain where the approximation is valid probably shrinks when n grows. Before presentingH , let us introduce some notation that will be convenient later on. For 1 ≤ j < n 2 , define the "Hopf variables"
2)
together with
And if n is even,
These quantities satisfy the following relations:
In terms of the Hopf variables, the following expression forH was found in [16] :
In formula (2.6) it is understood that terms with the subscript n 2 and n 4 only appear if 2 or 4, respectively, divides n.
As was shown in [16] , due to discrete symmetries and special eigenvalues of Hamiltonian (1.1),H remarkably is Liouville integrable.
Proposition 2.3. If the number of particles n is odd, then the Birkhoff normal form (2.6) is Liouville integrable with the quadratic integrals
).
This result was proved in Corollary 9.1 of [16] . The integral H j has the interpretation of the linear energy of the two modes with wave number j, whereas u j is the angular momentum of these modes.
The integrable system (2.6) with odd n was studied in [16] . The quadratic integrals form a set of global action variables. It can be augmented to a set of global action-angle variables. The action-angle variables are explicitly calculated in [16] and the solutions of the normal form can explicitly be written down. The foliation of the phase space into invariant tori is trivial in the sense that the set of Liouville tori is a trivial torus bundle over the set of regular values of the integrals. The normal form turns out to be even nondegenerate in the sense of the KAM theorem, which proves the abundance of quasi-periodic solutions in the low energy domain of the original system (1.1). Thus, for odd n the normal form is quite tractable.
But the situation is not so easy if the number of particles in the FPU lattice is even.
Proposition 2.4. If the number of particles n is even, then the Birkhoff normal form (2.6) is Liouville integrable. The integrals are the quadratics
), and
(if n is a multiple of 4) and the quartics
This result was proved in Corollary 10.3 of [16] . The main part of this paper shall be devoted to studying the dynamics and bifurcations of the integrable normal form (2.6) in the case that n is even. We shall encounter nice phenomena such as whiskered tori with heteroclinic and homoclinic connections. They shall have the interpretation of direction-reversing traveling waves, and they constitute a class of solutions displaying an interesting interaction of Fourier modes with different wave numbers in the absence of energy transfer. We also study how the level sets of integrals of Proposition 2.4 foliate the phase space T * R n−1 . It turns out that the foliation in Liouville tori is not trivial if n ≥ 6 is even. There is monodromy, and global action-angle variables cannot exist for the integrable normal form.
Phase Space Splitting and Regular Reduction
Let us use the shorthand notation = n 2 − j. We want to study how the level sets of the integrals of Proposition 2.4 foliate the phase space T * R n−1 . Therefore it is very useful to note that these integrals are uncoupled in the following sense: The integral H n 
in which
Moreover, the foliation of T * R n−1 is the Cartesian product of the foliations of the A j .
Therefore it is sufficient to know how H n
by all integrals is the Cartesian product of these foliations. / S 1 can be found by applying the Hopf map
The Foliation of
which is defined by
see [6] . The fibers of F (1) are exactly the orbits of the S 1 -action, so S because it is constant on the orbits of the S 1 -action.
In particular, J = Reconstructing this picture by the Hopf map, we get the desired foliation of A n 4 .
The Foliations of the A j
If n ≥ 6 is even, then for each 1 ≤ j < n 4
, we have the four commuting integrals H j , H , I j , and K j on A j ∼ = T * R 4 . They describe the interaction between the two modes with wave number j and the two modes with wave number . Note that these two pairs of modes do not interchange energy, since H j and H are constants. Still it turns out that their interaction is very interesting. We shall see that the foliations of the A j contain singularities.
On A j , consider the commuting Hamiltonians H j and H defined in (2.3). They define a mapping H j, := (H j , H ). It is easy to see that im H j, = (R ≥0 ) 2 , whereas for the level sets we know that H
modulo permutation of coordinates. Here, S 3 ε indicates the three-dimensional sphere with radius ε. Note that ε = 0 is not excluded.
Because the flows of the Hamiltonian vector fields of H j and H commute and are periodic with period 2π , they define a linear symplectic
The orbits of this T 2 -action are all tori of dimension #{k ∈ { j, } | h k = 0}.
We want to study the reduced phase-space (S
We do this by applying the reduction map F (2) :
F (2) is the Cartesian product of two Hopf mappings. The fibers of F (2) are exactly the orbits of the T 2 -action, so S 
Thus we obtain a two degree of freedom integrable Hamiltonian system on the product of two spheres. We will now study this reduced integrable system, which describes the interaction of waves with wave numbers j and .
Traveling Waves
Let us now consider the reduced integrable system on S given by 
This action has four isolated fixed points, namely the points (±h j , 0, 0, ±h , 0, 0). But because the Hamiltonian K j is invariant under the action (4.1), this implies that the derivative of K j also vanishes at these points. In other words, the points (±h j , 0, 0, ±h , 0, 0) constitute the set of joint critical points of I j and K j . Critical points of the reduced system on S
h are called relative equilibria, because in the reconstructed system on A j ∼ = T * R 4 (or T * R n−1 if you like) their fibers represent invariant sets; see [1] . It follows from (3.2) that in A j the critical fiber (F (2) ) −1 (± j h j , 0, 0, ± h , 0, 0) is the following parametrised torus:
It has dimension #{k ∈ { j, } | h k = 0}. This torus is invariant under the flow of XH , so one can write the equations induced byH as equations for φ ∈ T 2 . Using expression (2.6) it is not hard to compute that they read as follows:
Hence the motion in the critical fibers is uniform. The corresponding solutions have a clear physical interpretation: With (1.3) one can make the transformation back to the original coordinates:
The constants h j and h are supposed to be small, since otherwise the normal form approximation has no validity. So a solution that lies in a critical fiber is a superposition of 1. a small amplitude traveling wave with wave number j and speed approximately ± j ω j . 2. a small amplitude traveling wave with wave number and speed approximately ± ω .
If ± j = ± , then these waves move in the same direction. Otherwise one moves clockwise and the other moves counterclockwise. Traveling waves and superposed traveling waves have previously been studied in the infinite FPU lattice [11] . But they can obviously also occur in a finite periodic lattice. We shall study the stability of the traveling wave solutions and homoclinic and heteroclinic connections between them. We do this of course in the reduced context, that is, we consider them as critical points in the reduced phase space S 
Stability of the Relative Equilibria
We want to determine the stability type of the superposed traveling wave solutions in the Birkhoff normal form, that is, the stability type of the relative equilibria (±h j , 0, 0, ±h , 0, 0) on the reduced phase space S
. We will assume from now on that the linear energies h j and h are both strictly positive, so that our reduced phase space has dimension four. (The analysis is trivial if one of these energies is zero.) We perform our stability analysis in local coordinates on S v , w ) . Note that these are not Darboux coordinates. The critical points themselves are all mapped to (0, 0, 0, 0).
A Lyapunov Function
One way of proving stability is by pointing out a Lyapunov function. The Hamiltonian K j is the first candidate since it is an a priori constant of motion. But it turns out that K j is not definite at any of the relative equilibria. Luckily, we have another constant of motion, namely I j . We now use that at (± j h j , 0, 0, ± h , 0, 0) one may write u j = ± j h
which is definite at (0, 0, 0, 0) if and only if ± j = ± . We conclude that the relative equilibria ±(h j , 0, 0, −h , 0, 0) are stable. Near the relative equilibria ±(h j , 0, 0, h , 0, 0) we will try to make linear combinations of K j and I j that are definite. It is easily computed that in local coordinates (v j , w j , v , w ),
w ) , one sees that this expression is definite if and only if
The preceding inequality has real solutions λ if the discriminant
is positive. So if r > 0 then the relative equilibria ±(h j , 0, 0, h , 0, 0) are stable.
Linearisation
Because we still don't know anything about stability if r < 0, an alternative is to study the linearisation of the vector field X K j at ±(h j , 0, 0, h , 0, 0). Again in local coordinates, it reads
("h.o.t." stands of course for "higher order terms.") One calculates that the characteristic polynomial of the above matrix reads
so the eigenvalues are the numbers
 h , and r is as defined previously in (5.1). Note that C(λ) = C(−λ), so if λ is an eigenvalue of (5.2), then so are −λ,λ, and −λ. The reason is of course that our matrix is conjugate to an infinitesimally symplectic matrix.
The next observation is that if r ≥ 0 or q = 0, then p ± q √ r ∈ R so the eigenvalues are purely real or purely imaginary, dependent on the signs of p ± q √ r . On the other hand, if r < 0 and q = 0, then none of the eigenvalues lies on the real or the imaginary axis. A simple analysis now leads to the following results:
• If r > 0, then there are four distinct purely imaginary eigenvalues. We have a double centre point.
• If r = 0, we find double imaginary eigenvalues. The linearisation matrix is not semisimple.
• If r < 0, then none of the eigenvalues lies on the imaginary axis. We have a double focus equilibrium point (focus-focus point).
This is illustrated in the bifurcation diagram in Figure 2 . The set of h j , h for which r = 0 consists of two half-lines in the positive quadrant. On passing these half-lines, the eigenvalues move as is typical for the Hamiltonian Hopf bifurcation [12] : Two pairs of imaginary eigenvalues come together and split into a quadruple of nonimaginary eigenvalues, where at the bifurcation value the linearisation matrix has a nilpotent part. So the linear stability of the relative equilibria ±(h j , 0, 0, h , 0, 0) changes from neutrally stable to unstable. The linear instability implies of course that the equilibria are unstable also in the nonlinear system. This concludes the stability analysis of the relative equilibria. In Section 6 we shall investigate the Hamiltonian Hopf bifurcation in more detail as we will also incorporate the nonlinear terms of the Hamiltonian in our analysis of the bifurcation. 
Stability Results
We investigated the relative equilibria and their stability with respect to perturbations in the initial data. The results are summarized in the following corollary. 
They are stable for r > 0 and unstable for r < 0.
In terms of traveling wave solutions, one may interpret Corollary 5.1 as follows:
The superposition of two traveling waves with wave numbers j and n/2 − j is stable if the two waves move in opposite directions. A superposition of waves in equal directions can be both stable and unstable. It is stable only if one of the waves is relatively small with respect to the other. Otherwise it is unstable.

Singular Reduction
In the next sections we shall try to understand the Hamiltonian Hopf bifurcation of the previous paragraph geometrically. For this purpose, we shall make a reduction of the S 1 -symmetry (4.1) on the four-dimensional reduced phase space S
h to obtain another reduced phase space of again lower dimension. However, the S 1 -action (4.1) on S 2 h j × S 2 h has isotropy: Four of its orbits are not circles, but the equilibrium points (±h j , 0, 0, ±h , 0, 0). Therefore the regular Marsden-Weinstein reduction (see [1] ) is not sufficient, and we have to use the methods of invariant theory and singular reduction; see [6] . From the singularly reduced system on S 2 h j × S 2 h / S 1 we can study the Hamiltonian Hopf bifurcation geometrically and in more detail. Moreover, in Section 7 we will show that if the relative equilibria ±(h j , 0, 0, h , 0, 0) are unstable, then there are homoclinic and heteroclinic connections connecting them: pinched tori. In the original foliation of A j ⊂ T * R n−1 these pinched tori are whiskered tori with coinciding stable and unstable manifolds.
The flow of X I j induces a symplectic S 1 -action on S The following quantities are invariant under this action:
In fact, every other invariant can be expressed as a function of π j , ρ j , σ j , and τ j : They form a Hilbert basis of the ring of invariant functions. The invariants satisfy the equation
Therefore, the set
h / S 1 Note that we did not yet restrict ourselves to a level of constant I j ; this will come later.
Every function on S
h that commutes with I j reduces to a function on P h j ,h since it is constant on orbits. In particular,
The reduction map is the map
which goes from S
h to P h j ,h . The reduction map is a submersion everywhere, except of course at the relative equilibria. Unfortunately it is not possible yet to make a drawing of P h j ,h since it cannot be embedded in R 3 . But there is an elegant way to overcome this problem.
One sees that both I j and K j are independent of τ j ; that is, these Hamiltonians are invariant under the Z 2 -action generated by the time-reversal symmetry τ j → −τ j . The orbits of the Z 2 -action consist of one point if τ j = 0 and otherwise of two points. The Z 2 -action is reduced by simply forgetting about τ j : The reduction map is
The reduced space is the set
In Figure 3 we draw
h / S 1 ×Z 2 has the shape of a solid pillow. The surface of the pillow is everywhere smooth, except at the four corner points, which are conelike singularities that represent the relative equilibria (±h j , 0, 0, ±h , 0, 0).
The level sets of I j = π j − ρ j are two-dimensional planes. The intersection of such a plane with the pillow is a topological disk, a point, or empty. Near the singularities (π j , ρ j , σ j ) = ±(h j , −h , 0) the disks are very small, indicating that I j is definite at these points as a function on the pillow and hence that the relative equilibria ±(h j , 0, 0, −h , 0, 0) are stable; see Figure 4 . But near the other two corners of the pillow, the singularities ±(h j , h , 0), the level set of I j intersects the pillow in a very large set-see Figure 5 -meaning that I j is not definite. Let us consider the level set of I j that passes exactly through the singularity (h j , h , 0). It is the plane I j = π j − ρ j = h j − h . The intersection of this plane with the pillow is the topolocal disk
If h j = h , then this disk has two singular points. It has one singular point if h j = h . The intersection of a level set of K j with this plane is a parabola. The parabola that contains the singularity (h j , h , 0) is given by the formulas
We now make a linear approximation to both this parabola and the singular disk at the singular point (h j , h , 0). So we calculate the derivative
On the other hand, the conelike singularity of the singular disk is approximated by
So the tangent line to the parabola points into the cone exactly if −2 h j h <
, that is, if r < 0. In this case, the critical point (π j , ρ j , σ j ) = (h j , h , 0) is clearly unstable, which agrees with our previous analysis. The tangent to the parabola does not point into the cone if r > 0. Figures 6 and 7 represent the two possibilities. This is a geometrical explanation for the motion of the eigenvalues. In the case that r > 0, we now see that h , 0) . In other words, (h j , 0, 0, h , 0, 0) is a stable relative equilibrium inside the singular fiber (S
We can study the Hamiltonian Hopf bifurcation in more detail by incorporating in our analysis also the nonlinear terms of the Hamiltonian. So we must compute the secondorder approximation of the parabola a(π j ) and the cone ( singular point and at the critical value of the parameter r = 0. If the parabola is more curved than the cone, the bifurcation is completely different from the case in which the cone is more curved than the parabola. The bifurcation is degenerate when the cone and the parabola are equally curved, that is, when both second-order derivatives are equal. We do not treat that case. After a short calculation, one finds that the character of the bifurcation depends on the parameter
It is not very difficult to arrive at the following conclusions:
1. If on one of the half-lines defined by r = 0 one has that s > 0, then the Hamiltonian Hopf bifurcation on this half line is such that a stable relative equilibrium (=periodic solution) emerges from the critical point as the critical point becomes unstable. This relative equilibrium is indicated as a dot in Figure 8 . 2. If on one of the half-lines defined by r = 0 one has that s < 0, then the Hamiltonian Hopf bifurcation on this half line is such that an unstable relative equilibrium (=peri-odic orbit) is annihilated by the critical point as the critical point becomes unstable. The relative equilibrium is indicated with a dot in Figure 9 .
We have considered an entirely geometric way to study the Hamiltonian Hopf bifurcation and the stability change of the relative equilibrium (h j , 0, 0, h , 0, 0). The equilibrium (−h j , 0, 0, −h , 0, 0) can of course be handled in the same way. 
Pinched Tori and Monodromy
We have studied how the level sets of K j foliate the singular reduced phase space
j (h j − h ) locally near the singularities, and thus we could analyse the details of the Hamiltonian Hopf bifurcation at these singular points. In this section we will give some remarks on the global geometry of both the reduced phase space and the phase space of the original normal form.
We shall see that in the reduced system on S
h there are homoclinic and heteroclinic connections between the relative equilibria ±(h j , 0, 0, h , 0, 0) if r < 0. These connections are pinched tori. In the system on T * R n−1 the pinched tori are reconstructed as whiskered tori with high-dimensional coinciding stable and unstable manifolds. The presence of pinched tori results in nontrivial monodromy: The regular tori (Liouville tori) do not form a trivial torus bundle.
We reach these conclusions by simply drawing a picture of (
is a topological disk that contains one singular point if h j = h and two singular points if h j = h . Each point inside the disk represents two three-dimensional tori in A j . The regular points on the boundary of the disk each represent one three-dimensional torus. The singular points, which also lie on the boundary of the disk, represent a "singular" two-dimensional torus. This singular torus has the interpretation of a superposition of traveling waves in the FPU lattice.
Let us first consider the case that h j = h . In that case the reduced space is bounded by parabolas
It has two singular points which lie on the same level set of K j . This level set is also a parabola. Furthermore, note that r = (ω
which is negative if and only if ω j ω > 1 if and only if n/12 < j < n/4. But then the reduced space simply looks like that shown in Figure 10 . We observe that there is a heteroclinic connection between the two singular points. In the reconstructed system on S 2 h j × S 2 h this corresponds to a doubly pinched torus: Two focus-focus singular points of which the stable and unstable manifolds coincide. In the original phase space
, this doubly pinched torus is again reconstructed as a heteroclinic connection between two-dimensional tori. They are connected by their "whiskers" which have dimension four and are both diffeomorphic to R × T 3 . The heteroclinic connection has the following interpretation. For large negative values of time, the solutions on the heteroclinic connection look like a superposition of traveling waves in one direction. As time runs, these waves stop traveling and change direction. For large positive time values, the waves travel in the opposite direction.
If one starts close to the heteroclinic connection-that is, with a motion that is nearly the superposition of two traveling waves with equal energy and in equal direction but not exactly on the heteroclinic connection-then after a certain time both traveling waves will come to a halt and turn around until the motion looks very much like the superposition of two traveling waves, the directions and energies of which are again almost equal, although the direction is opposite to the direction in the beginning. This "relaxation oscillation" continues and the superposed waves keep changing direction.
In the case that ω j ω < 1, i.e., for 1 ≤ j < n/12, we have that r > 0 so the singular points are stable and there are no pinched tori. The case j = n/12 is degenerate: r is exactly zero and the parabola coincides with the boundary of the reduced space. We omit the analysis of this last case.
Let us now briefly also consider the situation where h j = h and r < 0. The singular level set then generically looks as in Figure 11 . We see that there is a homoclinic connection that connects the singular point to itself. In the reconstructed system on S This completely describes the interaction between traveling waves with wave number j and traveling waves with wave number n/2− j. The traveling waves do not interchange any energy. Still, their influence on one another is such that traveling waves can drastically change their momenta and thus their directions.
Monodromy
We observed that the foliation of the normal form has pinched tori. As was shown in [19] , the presence of a pinched torus implies that the regular Liouville tori in S is known. When we reconstruct, we see that the regular tori in T * R n−1 cannot form a trivial bundle either. Nontrivial monodromy is an important obstruction to the existence of global action-angle variables as was shown in [8] .
Recall that a pinched torus is present in the normal form if n ≥ 6 is even. We conclude that if n ≥ 6 is even, then the integrable normal form (2.6) does not admit global action-angle variables.
We have now described how the level sets of the integrals of the Birkhoff normal form (2.6) globally foliate the phase space. In the next section we shall investigate what happens in the original FPU lattice with Hamiltonian (1.5).
Numerical Comparison for 16 and 32 Particles
We have analytically proven the existence of whiskered tori with coinciding stable and unstable manifolds in the Birkhoff normal form of the periodic FPU lattice. These objects have the interpretation of direction-reversing traveling waves. It is natural to ask whether these homo-and heteroclinic connections can also be found in the original FPU lattice, and the answer to this question is most likely no: The original FPU system is a nonintegrable perturbation of its normal form, and hence the stable and unstable manifolds of the original system will generically have either no intersection at all or transversal intersections. In the latter case, the angle of intersection will be quite small, so this may lead to small-scale chaos. A Melnikov-type analysis would be necessary to investigate this. On the other hand, it was proven in [20] that near a pinched torus the Kolmogorov condition holds. The Kolmogorov condition is the nondegeneracy condition that has to be fulfilled for application of the KAM theorem. Hence one expects that many of the Liouville tori in the normal form lying close to the homo-or heteroclinic connection will survive as KAM tori in the original system. And therefore we expect to see many solutions of the original system which exhibit the relaxation oscillation between traveling waves in various directions that was described in the previous section. I tried to detect this relaxation oscillation in the original system by doing some basic numerical integrations of the solutions of the FPU system. All the numerical results in this section are obtained from the original Hamiltonian (1.1), and they are compared with the analytical predictions made from the normal form.
Let us first study the periodic FPU lattice (1.1) with n = 16 particles, a number chosen by Fermi, Pasta, and Ulam themselves. We shall investigate low energy solutions that start out as a superposition of two traveling waves with wave numbers j = 3 and  = Figure 12 . Note that we have plotted both u 3 (t) and u 5 (t) but that we see only one curve: It turns out that in the original system the angular momenta u 3 and u 5 remain exactly equal all the time at this energy level, just as was predicted by the normal form. Finally, I numerically integrated the original FPU chain with 32 particles for initial
0625 and H = 0.1762. The normal form predicts that the traveling waves with wave number 7 and 9 change direction, and we plot both angular momenta u 7 and u 9 in Figure 15 Figure 16 .
Thus, the domain of validity of the normal form shrinks if n grows. This is to be expected, because when n is very large, near-resonances start spoiling the validity of the normal form. Still, it turns out that the normal form predicts the behaviour of the original FPU chain (1.1) surprisingly well, sometimes even at energies where one would not expect this anymore.
Conclusions and Discussion
We studied the Birkhoff normal form of the periodic FPU lattice with periodic boundary conditions and quartic nonlinearities. In the domain of the phase space where the solutions have low energy, this normal form constitutes an approximation of the original FPU lattice: The solutions of both systems stay close on a long time scale. Because of symmetries and nonresonance properties, the normal form is Liouville integrable; see [16] . This enables us to give a very detailed analysis of the normal form equations. In the nondegenerate case, most Liouville tori of the normal form survive as KAM tori in the low energy domain of the original system. We studied how the level sets of the integrals foliate the phase space of the normal form.
Interesting phenomena occur when the number of particles n is even. In that case the integrals of the normal form are quadratic and quartic functions of the phase space variables. Using the purely geometric methods of regular and singular reduction [6] , we showed that the foliation has singular elements, whiskered tori with coinciding stable and unstable manifolds, also called pinched tori.
It is well known [8] , [19] that pinched tori imply monodromy: The Liouville tori of the normal form do not form a trivial torus bundle over the set of regular values of the integrals. This is important information about how the Liouville tori are glued together globally, for instance on an energy level set. Among others, monodromy is an important topological obstruction to the existence of global action-angle variables. Because the Birkhoff normal form approximates the FPU system especially well in the low energy domain, we expect that the KAM tori on the low energy level sets are "glued together" similarly.
At the same time, our study unravels interesting dynamical information. We are able to determine how waves with different wave numbers interact in the normal form. It turns out that waves with wave number j can only interact with waves of which the wave number is n/2 − j. And even though these waves do not interchange any energy, their interaction is far from trivial. The pinched tori that were mentioned before are homoclinic and heteroclinic connections between solutions which are a superposition of traveling waves with these wave numbers. Thus it can happen that these superposed traveling waves change their direction.
The homoclinic and heteroclinic connections which exist in the normal form are most probably not present in the original FPU system: Under perturbations the stable and unstable manifolds will generically not intersect or at least intersect transversally. The angle of intersection will be quite small then, so this may lead to small-scale chaos. A Melnikov-type analysis is necessary to investigate this. We chose not to perform that analysis in this paper and instead to focus on the regular dynamics. From [20] one expects for instance that many of the Liouville tori in the normal form that lie close to the homoor heteroclinic connection will survive as KAM tori in the original system. Therefore, many solutions of the original system should exhibit a relaxation oscillation between traveling waves in various directions.
We indeed find this relaxation oscillation numerically in the original FPU lattices (1.1) with 16 and 32 particles. They form a class of interesting new solutions of the periodic FPU chain. Surprisingly, the FPU system follows the normal form predictions even at rather high energy levels, where the Birkhoff normal form is a very questionable approximation. It would be interesting to study how robust the Liouville tori near a pinched torus are under Hamiltonian perturbations. Maybe the KAM theorem can produce extrastrong conclusions for systems with monodromy, which enables us to understand the validity of the normal form at high energy.
Finally, the reader should be aware of other wave-reversal phenomena that have been observed in the literature. I especially refer to [3] which studies the "boomeron," a soliton that comes back. Thus, we have found yet another interesting link between the FPU lattice and certain integrable wave equations.
